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Problem 1 (25 points)

Consider a univariate symmetric Gaussian dichotomizer, that is, a classifier whose likelihood
functions p(z|wi) ~ N(p1,0) and p(z|wz) ~ N(p2,0) have the same variance o2. As the
decision boundary z* is varied, Py; and Pr4 also vary, where

Pr4 = P(error|w;)
Pyr = P(error|ws)

A plot of Prg vs. Py is called a “receiver operating characteristic” (ROC). In order to
compare the performance of different systems, we often wish to summarize the ROC using a
single summary score. One common summary score, that you have already learned, is d’ (d
prime). Two other commonly used summary scores are the “equal error rate” (EER) and the
“figure of merit” (F-score).

(a) The EER is defined to be the value of Prpy for which Py; = Prs. Given the EER for
a univariate symmetric Gaussian dichotomizer, is it possible to compute d’'? Prove your
answer.
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(b) The F-score is defined to be the harmonic mean of 1 — Pry and 1 — Py, i.e.

11 ( 1 N 1 )
F 2\1-Ppy 1-Py
Prove that F' is not the same for all values of the decision boundary z*. Find a singular

point of the function F(z*) (you need not determine whether the singular point is a
minimum or maximum).
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Problem 2 (20 points)

Consider a univariate symmetric Gaussian dichotomizer, with po > p1. Suppose that the
two classes have equal priors, P(w;) = P(w2) = 1/2, but unequal costs. In particular, suppose
that the costs are given by

)\(a2|w1) =1
)\(a1|w2) = A

and M aq|wi) = A(azlwz) = 0. Write the minimum Bayes risk classification rule, o*(z) =
arg min R («;|x), in terms of the cost parameter A, and in terms of the Gaussian means p; and
po and the Gaussian variance o2. There are values of A for which a*(x) is independent of x.
What are they?
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Problem 3 (15 points)

Consider a multivariate symmetric Gaussian dichotomizer, i.e., a classifier whose likelihood
functions p(z|w;) ~ N (u;, ¥) have the same covariance matrix X. Let w be the Fisher linear dis-
criminant vector, and let g(z) = w” x be the Fisher discriminant. Define the “discriminability”

of the Fisher discriminant to be . .
_ o —w” sl

d, (1)

9y
where o is the class-conditional standard deviation of the random variable g(x), i.e., p(g|w1) ~
N(wlpy,04). Write dy in terms of 1, pi2, and ¥ (i.e., eliminate w and o, from the equation).
Simplify as far as you can.
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Problem 4 (20 points)

Richard Duda’s hardware store carries a wide variety of nails. The length of a nail, z, is a
random variable described by a PDF of the following form:

Oz— 0+ £ > 1
p(z) = 0 otherwise

where the parameter 6 is unknown, but we know that 6§ > 0. Given a large number of observed
nail sizes, D = {x1,...,x,}, you wish to construct a maximum likelihood estimate 6,7, of the
parameter 6. Find a sufficient statistic s that can be used to estimate 0,7, and determine the
value of 0,7, in terms of s.
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Problem 5 (20 points)

Suppose that you are given n samples from an exponential distribution, D = {z1,...,2,},
where
fe 0 x>0
0) = .
p(xlf) { 0 otherwise

Suppose that we are given an a priori distribution for the parameter 8: suppose that 6 is itself
exponentially distributed with hyperparameter a, thus

ae™ @ 0>0
p(9) = { 0

otherwise

Find p(0|D), the posterior probability of 6 given the observations. You may find the following

b b b
/ udv = [uv], —/ vdu

identities useful.



